(a') Every fibre of 2 contains at least n!/2"-maximal chains.
1. Introduction. A cutset of a finite partially ordered set P is a subset of P that intersects all maximal chains, and a fibre of P is a subset intersecting all maximal antichains. The reader may consult [2 for more information on these concepts.
A simple example of a cutset is the set of all minimal elements (or maximal elements) of P. More generally, if all maximal chains of P have the same length, then the levels of P are cutsets. (Here the kth level ofP is the set of all elements x E P such that all maximal chains through x contain exactly k elements less than x. Thus the 0th level is just the set of minimal elements of P.)
For fibres, there is also a natural example. The cone of an element x E P is the set of all elements comparable to x (i.e., either =<x or >_-x). It is a simple exercise to see that every cone is a fibre (e.g., see [2 ] ).
Both of these constructions reinforce the intuitive idea of a cutset as something stretching "horizontally" through P and a fibre as something stretching "vertically" through P. In particular, every level contains (in fact, is) a maximal antichain, and every cone contains a maximal chain. This will not be the case for every cutset or fibre of every poset P; for example in the poset of Fig. 1 , { a, d is a cutset with no maximal antichain and { b, c } a fibre with no maximal chain. The main result of this paper shows that intuition holds for one familiar family of finite posets: finite Boolean lattices.
We denote by 2 the Boolean lattice with n atoms, that is, the lattice of all subsets of an n-element set. In fact these two statements are equivalent for any poset P; it is easy to see that if F were a fibre of P containing no maximal chain, then P F would be a cutset of P containing no maximal antichain, and conversely. We may even note a third equivalent statement of 
That is, o2 (X) is constructed by removing elements from X one at a time, smallest to largest according to a; + (X) is constructed by adding elements to X one at a time, smallest to largest according to a; and o(X) is just these two chains put together.
Clearly qo(X) is a maximal chain of 2 for each a and X. If r is a subset of 2 ,
we write
with similar definitions for &t' + (r) and 0'(2). If a is the usual ordering < 2 < < n, we drop the a's, writing t' (X) instead of q(X), for instance.
We will prove that 
_ _ -tO 2 +, and
The idea behind this definition is as follows. If extreme points 0, are added to the poser of Fig. 1 , we obtain a poset isomorphic to the product of a two-and a three-element chain, with a fibre { 0, b, c, } which does not contain a maximal chain. Thus Theorem cannot be extended to arbitrary finite products of finite chains.
(2) We now describe a minimal fibre o of 2 6 containing an element X but not containing any maximal chain through X. To simplify notation we will denote elements of 26 by strings of integers, writing 123 instead of { 1, 2, 3 [3] to find a minimal cutsetof 2 containing an element X but no maximal antichain containing X. Using a notation analogous to that of the previous example, for n >_-4 let c= {12k: 3 <=k<=n} U lk: 3 <_k<_ n} U { 2k: 3 <=k<=n} U { k: 3 <=k<=n}. It is easy to see that c is a minimal cutset of 2 (consider the smallest element of a given maximal chain of 2 n which is not contained in 12). We claim that, for instance, c contains no maximal antichain containing 13. For if /were such an antichain, then for each k >-4, to avoid adding 3k to /we must have k e /, and now nothing can stop 12 from joining /, a contradiction.
In proving above that every fibre of 2 contains the lexical chain co (X) for some X e 2 n, by relabeling we have actually shown that for every ordering c of 1, 2, n }, every fibre of 2 n contains (X) for some X e 2 .W ith this observation and a little counting, form (a) of Theorem can be strengthened considerably.
COROLLARY. Every fibre of 2 contains at least n!/2 -maximal chains.
Proof. We first count the number of lexical chains 99 (X) in 2 n. It is clear that the generating set X ofa lexical chain o(X) must either be the smallest set in (X) containing or the largest set in &' (X) missing 1, since is either the first element added to X or the first element deleted, depending on whether E X or not. Thus each lexical chain t'(X) is generated by two of the 2 subsets of[n], so there are exactly 2 lexical chains.
By symmetry, there are exactly 2 a-lexical chains for each ordering a. Since there are n! orderings of[n] and n! maximal chains in 2 , by symmetry each maximal chain must be of the form 9,(X) (for some X) for exactly 2 n-different orderings a.
Therefore, since every fibre must contain an a-lexical chain for each a, every fibre must contain at least n! / 2 different maximal chains. (ii) The maximum size of a minimal fibre of 2 is 2 n-1 + 1.
Both sizes are attained by cones, (i) by the cone of an element in the middle level (s) of 2 n, (ii) by the cone of an atom or co-atom of 2 .
Regarding (i), we can show at least that every fibre of 2 is of size exponential in n. 
